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Abstract: LetRbe a 2-torsion free commutative ring with identity. The authors denote
by L,(R) the Lie algebra consisting of all 4>4 antisymmetric matrices overR . This paper

gives the definition of extreme BZ derivations of L,(R) and the decomposition of an

arbitrary BZ derivation and a sufficient and necessary condition for a BZ derivation to
become the inner derivation.

1. Foreword

Let Rbeacommutative ring of 2-torsion free with 1, L, (R) is a set of antisymmetric matrices of
order 4 on R .Definition
[A, B]=AB-BA VA BeL,(R)
Then L,(R) about [A,B] operations form lie algebras, It is called a lie algebra of antisymmetric

matrices of order 4 on R.In this paper, we main study the BZ derivations of the Lie algebra of 4 x
4 antisymmetric matrices .At present, many scholars have studied derivation and BZ derivation of
matrix lie algebra.The derivation of parabolic subalgebras of general linear lie algebras gl(n,R)is
studied in [1].In [2], the authors give the BZ derivation and its decomposition of strictly upper
triangular matrix lie algebras.In [3], Li Qinghua gives the BZ derivation and its decomposition of
upper triangular matrix lie algebra.In [4], Zhao Yu, Jin Ying, Kang Zhaomin, Li Dong and other
scholars solved the BZ derivation and its decomposition of third-order antisymmetric matrix lie
algebras over commutative rings, which can be decomposed into diagonal BZ derivations, extreme
BZ derivations and central BZ derivations.In [5], Wang Ying and Guo Wenjie solved the BZ
derivation and its decomposition of antisymmetric matrix algebra of order n(n>4) over 2-torsion
free commutative ring.It can be decomposed into the sum of inner derivation and constant BZ
derivation. In this paper, we give the BZ derivation and its decomposition of the Lie algebra of 4 =
4 antisymmetric matrices over a 2-torsion free commutative ring with 1. So far, the decomposition
of BZ derivations of lie algebras of antisymmetric matrices over commutative rings is completely
solved.
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2. Basic Knowledge and Main Conclusions

Definition 2.1M Let p: L,(R) > L,(R) be a linear transformation,If for arbitrary A,BeL,(R),
PLA Bl=[p(A), BI+[A p(B)]
Then pis called a derivationon L,(R).
Definition 2.2 If a linear transformation ¢:L,(R) — L,(R) satisfies
any VA B € L,(R) ,if[A,B] =0 then[¢(A), B]+[A #(B)]=0,Then ¢ is calleda BZ derivation on
L,(R).
Note It is easy to verify that the derivation must be a BZ derivation, but vice versa.
Setup A, =E; —E;(i<]j),Where (i,]j) positionof E; tableis 1, square of order 4 with rest
position 0.Easy to know
A;,1<i< j<4asetofbases for L,(R) .for VAe L,(R) letA=2_,_..,a;A;, & € R.If we determine
the image on the base, then we can give the image on the top.If we determine the image of ¢ on
the base A;(1<i< j<4), thenwe can give the image of ¢ on VAeL,(R).
Definition 2.3 For Va eR,VA=%_..,a;A; € L,(R), where &; € R.defines linear changes:
0! :L,(R) > L,(R),
A a3 A +(-D) 8 A),

ij st
Where {ﬁ}z{lj}{lj}ﬁ{lj}z@l Liy]1'e{,2,34}
Exchange of evidence, 8! is the BZ derivationon L,(R), which is called the extreme BZ

derivation.
In this paper, the following theorems are given for the BZ derivation of the lie algebras of the
fourth order antisymmetric matrices over a 2-torsion free commutative ring with 1:

Let ¢be the BZ derivationon L,(R),then ¢ canbe expressed as the sum of extreme BZ
derivations, that is

¢: Z aitjestj!aitj €eR

s<t,j=2,3,4

3. TheoremProving

Lemma 3.1 Let 4 bethe BZderivationon L,(R),and ¢(A)=> alA, 1<i<j<4
then
¢(A.L2) = a:gAlZ +a11§A.L3 +a11§A.L4 +aé§A23 +a§jA24 +a§i'°§4’
P(A,) = aézztpiz - ;‘21 3 +a§§ 4 +311§A23 _a11§Az4 Jra1122'0‘3,4-
Prove [¢(A,), A,l+[A,. #(A,)]=0 can be obtained from [A,, A,]=0,by comparing the
coefficients of A;, A,, As, A, respectively ,we can obtain
ay; +8,, =0,a —a, =0,8;—a); =0,a,, +a; =0
Againby [A, + A, Ay +A1=0 oo
[A(AL) +P(As), Ay + A1+ [A, + A, d(AL) +#(AL)] =0,

By comparison coefficient, we can know
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—ay; — 8+, +ag =0 @

Q4 + 8y —ay, —a; =0 (2)
For the same reasons, because of [A, + A,, A, +A;]1=0, therefore
), — 8y +8,; —a; =0 3)
8y, +ay; —ay, +a; =0 (4)
From (1)+(3),we get 2aZ; —2a;; =0
From (2)+(4),we get 2ak —2a% =0
Therefore alf —a,ali - a % —aif,alf —af.
From the above equation, we can get the result of Lemma 3.1.
Lemma 3.2 Let 4 bethe BZderivationon L,(R),and ¢(A)=> alA, 1<i<j<4
then
¢(A_La) = allgA.Lz + 6‘1133A.L3 + a1143AL4 + a;gAB + a;iAm + aéi%m
¢(A§4) = _aéipiz + a;ipis - agAM _a1143A23 + 81133A24 - a::LLgAM'
Prove [#(Az), Al+[AL #(A,)]=0 canbe obtained from [A,, A,,]=0,by comparing the
coefficients of A,, A,, A, A, respectively ,we can obtain

&, +ag =08 +az =0,8;+a; =0,8; +a; =0
Furthermore, from[A, + A;, A, —A,,]=0and Lemma 3.1, we can know
24

3 =2y, ay, =a

By summing up the above equations, we can get the conclusion of Lemma 3.2 .
Lemma 3.3 Let ¢ bethe BZderivationon L,(R).and ¢(A,)=> alA,1<i<j<4,
then

¢(A&4) = allg'b&z +all§A&3 +3112A&4 +a;gA23 +a;jAz4 +a;2A34’

¢(Az3) = a%jA‘.LZ _a;jAI.S + a;gA.m + ailezs _a11§A24 + 6‘1121'%4-
Prove [#(A,), As]l+[AL #(A;)] =0 canbe obtained from [A,, A,]=0,by comparing the
coefficients of A,, A, A,, A, respectively ,we can obtain

ay, —ay =0,a; +ay, =0,a, +ay =0,a; —a; =0
23 .14 14 23
Also known by Lemma 3.1, Ay = Ay 83 = -
By summing up the above equations, we can get the conclusion of Lemma 3.3.
Theorem 3.1 Let ¢ be the BZ derivationon L,(R) ,then
o= 2 aldy.

s<t,j=2,3,4

Prove All we have to prove is

d(An)= 2, a0/ (A,)1<m<n<4.

s<t,j=2,3,4
Here, we only prove

¢(A12)= Z aitj stj(Aiz) (5)

s<t,j=2,3,4
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The rest of the equations can be obtained by the same principle.
D O] (A) = (a0 +850y +a30,; +ay0y; + a0, +8,0:3)(A,)
s<t,j=2,3,4
:allzzAli" 3112@\ "I.'sal 210‘4"' 1912A2+3 ?%ZA"zzt
The proof of equation (5) is obtained from Lemma 3.1. So the theorem holds true.
We know @ = ad (_aégAiz + a;;ALS + aéiAm - a11'§A23 - a1l§Az4 _a1143'%4)
Va0 + 08 + ali6l + Ao + ol + aliol
+(@y; +8,) 0], + (85 —85,) s + (3 +2y,)6,;
+(855 — 853) 0y + (27 +813) 003 + (ag; +850) 05
Theorem 3.2 The BZ derivationon L,(R) isaninner derivationifand only if
a2 =al =alf =al =all =all =0,
al? = —al? al? = —alf,aff = -alt,al2 =}l alf =all ali =alf
Prove Necessity clearly, only proves adequacy. To prove
= ad (_ag,piz + agp&s + aiipm - a1132'6‘23 - a11§Az4 - aﬁ%n
Just prove
#(A,,)=ad (_aégpiz + ag 3 +a‘;£21A§L4 _a1l§A23 _a1l§A24 _31143A34)(Am)’ m<n.
Here, we only prove
¢(A&2) =ad (_aég'a&z + aégpis + aiipu - 31132A23 - ailem - 31143A34)(A12)
The rest of the equations can be obtained by the same principle.
The right side of the equation is a5 A, + a3, A, + a5 A, + a3 A,,.
Lemma 3.1 and above conditions know that equation (6) holds.
Thus the conclusion is obtained.
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